Introduction
The lattice gauge theory is one of the most powerful tool for investigating the quantum field theory. However, it is not suitable for studying quantities which are sensitive to the cutoff: the topological charge, energy momentum tensor and so on. The Wilson flow is considered to be a remedy for such issues [1] [2] [3] [4] [5] [6] [7] [8] [9] . It is regarded as a continuous stout smearing and one can measure such observables even on the discretized spacetime [10, 11] . In Ref. [10] , M. Lüscher has studied the effective action for the configuration at finitet = t/a 2 in the context of the transformation in the field space and given a analytic form of it. The purpose of this paper is to determine it numerically by the so-called demon method.
The demon method has been proposed by M. Creutz [12] and improved by M. Hasenbusch et al. [13] , which enables us to determine effective couplings from a given configuration. There has been various applications of this method. For example, investigating the couplings induced by the fermionic determinant [14] , studying the renormalization group of the SU(3) lattice gauge theory [15] , and describing the SU(3) lattice gauge theory in terms of effective Polyakov-loop models [16] . Using the method, one can investigate effective actions without any perturbative approximation.
A similar work to ours has been done by QCD-TARO collaboration [17, 18] . They have studied the renormalization trajectory for quenched QCD in the two-coupling theory space performing the blocking of the link variables [19] and using the Schwinger-Dyson equation method [20] to compute the effective coupling of the action for the blocked configurations. As mentioned above, since the Wilson flow is regarded as a continuous smearing, we compare our effective action with the ones investigated in Ref. [17, 18] . As we will see later, our effective action shows the same tendency as the known improved action, however it has different pictures.
In this work, we determine a trajectory for the Wilson flow in the theory space using the demon method. We choose β = 6.0 Wilson plaquette action for configuration generation and apply the Wilson flow. The range of the flow time is taken to 0 ≤ √ 8t 1.3. In order to evaluate finite size effects, our lattice sizes are taken toL 4 = (L/a) 4 = 4 4 , 8 4 and 16 4 .
We find that the coefficient of the plaquette grows while that of the rectangular tends to negative with the flow time as the known improved actions. We also find that the trajectory forms a straight line in the two-coupling theory space. This paper is organized as follows. In Sec. 2, we briefly review the demon method and explain our strategy to obtain the effective action. A numerical setup and results are shown in Sec. 3. Finally, a conclusion, discussions and future perspectives are given in Sec. 4.
The demon method and our strategy
In this section, we review the demon method [12, 13] and how we utilize it for the determination of the effective action for configurations which are continuously smeared by the Wilson flow equation [1] :
where S W (U) is defined by
For the definition of the effective action, let us consider an expectation value of any
where
andV t ≡ {V µ (x; t)}. The effective action is defined by inserting the delta function and changing the integration variables from U to V t as follows.
S eff can be regarded as the "improved" action since the discretization effects for observables are reduced at finitet.
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The demon method
Here, we briefly review the demon method which enables us to determine the couplings of the action from a given configuration. Let us consider a configuration whose distribution is the Boltzmann weight
where β is a priori unknown coupling and to be determined by the demon method. Now we introduce an extra degree of freedom "demon" to the system and consider a microcanonical partition function of a joint system,
where E 0 is an initially determined total energy of the joint system, and E d is the energy carried by the demon. The demon energy is restricted within the range E min < E d < E max which can be chosen suitably. Hereafter we set E min = −E max for simplicity. Starting from a given configuration, we update the system keeping S[U] + E d constant. The updating process is described as follows. First, a new configuration U ′ is proposed. To keep the total energy constant, the new demon energy is given by
When E ′ d is in the allowed region [−E max :E max ], the new configuration and the new demon energy are accepted, otherwise they are rejected and the configuration and the demon energy remain to be same. If the probability of the change is symmetric in {U, E d } and
a generated sequence of combined configurations is distributed according to a uniform distribution.
When the degrees of freedom of U are sufficiently large, a given configuration behaves as a heat bath to thermalize the demon. Therefore standard statistical mechanics arguments show that E d is distributed with
in the thermodynamic limit. The average of E d is given by
Finally, β is obtained by measuring E d and solving Eq. (11).
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The extension to a multi-coupling system is straightforward. Suppose that the action is parametrized by
is the interaction term and β i is the corresponding coupling. Now we introduce demons E i d for each coupling. During the microcanonical update, a proposed configuration and demon energies are accepted only if all demon energies are in the allowed region. Here we take the common allowed region [−E max : E max ] to all couplings for simplicity. β i is obtained by solving
Our strategy
In this subsection, we explain our strategy to obtain the effective action defined by Eq. (5). We assume that S eff can be parametrized by the form of Eq. (13) (2) Perform the microcanonical updates for the joint system using the configuration att according to the procedure described in Subsec. 2.1. (3) After a sufficiently large number of microcanonical updates, take an average of the demon energy and obtain β i by solving Eq. (14) . (4) Replace the configuration att = 0 by a new statistically independent one. This is done by the HMC updates of the original system att = 0. In this step the demon degrees of freedom are frozen.
(5) Go back to the step (1) with the new configuration. The initial demons' energies in the step (2) are given by the averages of the previous run.
The flowchart of the above algorithm is shown schematically in Fig. 1 . By taking averages of β i s obtained for each gauge configuration, we finally determine the couplings of the effective action. The step (4) and (5) are needed to suppress the systematic errors coming from the finiteness of the volume [13] . 3 Numerical setup and results
Numerical setup
Here, we introduce our numerical setup. We employ the Wilson plaquette action defined by Eq. In this work, we implement the demon method with the truncation
where R 1×2 µν (x) is the rectangular loop defined by Our measurements are performed as follows. All of the initial demon energies are set to be 0 and E max is set to be 5.0. We perform 10000 microcanonical updates of the joint system with a given trial configuration for the thermalization of the demon energies. 
Results
We show the results of the flow time dependence of the effective action in this subsection. The values of β plaq and β rect for 0 ≤t ≤ 0.20 are listed in Table. 1. We examine the consistency between the effective action fort = 0 and the initial action. Since our initial couplings (β plaq , β rect ) = (6.0, 0.0) are reconstructed within 2 sigma, the demon method works well.
The results show that the value of β plaq grows witht (Fig. 2) . We expect that this is because the Wilson flow has a smoothing effect on the gauge field and lowers the value of the Wilson action ast increases [10] .
On the other hand, the value of β rect tends to a negative region and decreases witht (Fig.  2) . This fact seems reasonable since the negativeness of β rect is a common feature of the known improved actions such as the Symanzik [21] [22] [23] , Iwasaki [24, 25] and DBW2 action [18] . Note that our scheme is not based on any perturbative analysis and therefore defines the nonperturbatively "improved" action. Moreover, the action may be systematically improved by adding conceivable Wilson loops to the ansatz of S eff . β plaq and β rect are plotted in Fig. 2 , where the horizontal axis indicates √ 8t, which is the effective range of smearing the link variables. Since the values of β plaq and β rect for eachL at a fixedt coincide with each other, finite volume effects turn out to be irrelevant.
β plaq and β rect forL 4 = 16 4 are fitted in the forms
yielding the numerical results A = 6.040(47), B = 1.906(7), C = 1.010(47), D = 1.911(35), (18) and plotted with the curved lines respectively in Fig. 2 . This result shows that thet dependence of the exponent is common to these two couplings within the errors.
We also plot the flow of the effective action in the two-coupling theory space in Fig. 3 . Fig. 4 shows the plot around the origin of Fig. 3 the common exponent as the function oft, the flow of the effective action forms a non-trivial straight line (Fig. 3) :
determined by a numerical fitting forL 4 = 16 4 with χ 2 /d.o.f. = 0.857(371).
Conclusion and Discussions
We have investigated a trajectory for the Wilson flow in the theory space by the demon method. The effective action is truncated such that it has the plaquette and rectangular terms. We have measured the flow time dependence of β plaq and β rect , and found that β plaq increases while β rect tends to the negative region witht. As shown in Fig. 3 and Fig. 4 , we have found that the trajectory forms the straight line in two-coupling theory space, although we do not know whether this is just an accident or not. Since the value of β has been fixed throughout this work, it should be examined whether this fact is universal to all values of β.
A trajectory in a wider parameter space has to be investigated by adding more Wilson loops to the ansatz as a next step of this work. It is also interesting to study how the trajectory is changed when we employ other actions for the gradient flow.
As noted in Sec. 1, one can measure the quantities which are sensitive to the cutoff by using the Wilson flow. From this fact, our effective action is expected to be an "improved" action which reduces the discretization effects. Actually, we have found that the flow time dependence of β plaq and β rect shows the same tendency as in the already known improved actions [18, [21] [22] [23] [24] [25] . In order to confirm this, the cutoff sensitive quantities, such as the topological charge and the energy momentum tensor, should be studied using our effective action. It is an interesting question whether such quantities are well-measured by tuning only two parameters in the action. The restoration of the rotational symmetry should also be checked by measuring, for example, the difference between the on-axis and off-axis Wilson loops [17, 18] . The advantages of our effective action are as follows. First, S eff itself is totally well-defined without any ambiguity such as truncations in blocking and projections of the link variables. Second, it does not require any perturbative analysis. Finally, we have one tunable parameter: the flow time.
Related to the improvement of the lattice action, lattice artifacts could be reduced by the Wilson flow due to its smearing property. There is a well-known spurious UV fixed point caused by lattice artifacts when we have the adjoint plaquette term or the fermionic determinant [14] . The demon method combined with the Wilson flow, which is explained in Subsec. 2.2 can also be applied to this issue. Namely, one can check the issue by measuring the coupling of the adjoint plaquette term of configurations generated by the fundamental-adjoint mixed action. 
t Fig. 3 The flow of the effective action in two-coupling theory space. The value oft becomes larger along the arrow. The doted line represents our numerical fit forL 4 = 16 4 .
Other lines represent the Symanzik [21] [22] [23] , Iwasaki [24, 25] and DBW2 action [18] . We take −β rect /β plaq = 0.05, 0.09073 and 0.11481 for the Symanzik, Iwasaki and DBW2 action respectively. 
β plaq β rectt Fig. 4 The same figure as Fig. 3 but around the origin.
Since the Wilson flow is similar to a continuous "block spin transformation", it may be used to define the exact renormalization group of the lattice gauge theories. However, the trajectory for the Wilson flow in the theory space travels in the opposite direction to the renormalization trajectory investigated by QCD-TARO collaboration [17, 18] . Therefore, our effective action cannot be regarded as an action obtained after a renormalization group transformation. This is because the Wilson flow itself is just a "blocking" and does not contain a rescaling, which is necessary for the renormalization group transformation. Just replacing the blocking procedure [19] used in Ref. [17, 18] by the Wilson flow is considered as a way to construct a renormalization group scheme via the Wilson flow. This is also an interesting subject related to our work.
Finally, we comment on two types of systematic errors in this work.
One stems from the truncation of the effective action. This can be reduced by adding possible Wilson loops to our truncated action. Since the configurations at larget picks up the information of the original configurations at widely separated points, larger Wilson loops should be required with increasing the flow time. Therefore our truncation may be reasonable only in the smallt regime.
Another comes from the demon method itself. As noted in Subsec. 3.2, the Wilson flow lowers the value of the Wilson action ast increases. Since the gauge configurations are changed randomly during the microcanonical updates, most of attempts raise the value of S W and are rejected. Therefore it is hard to determine a large-valued β i precisely in the demon method. This error is unavoidable as long as using the demon method, however there is another way to determine the couplings from a given configuration using the SchwingerDyson equation method [20] .
